We introduce a systematic method to produce left-invariant, nonRicci-flat Einstein metrics of indefinite signature on nice nilpotent Lie groups. On a nice nilpotent Lie group, we give a simple algebraic characterization of non-Ricci-flat left-invariant Einstein metrics in both the class of metrics for which the nice basis is orthogonal and a more general class associated to order two permutations of the nice basis.
The construction of Einstein metrics is a classical problem in Riemannian geometry. Einstein metrics are characterized by the condition that the Ricci operator is a multiple of the identity, and they are often regarded as "optimal" or "least curved" metrics on a fixed manifold, partly due to their variational nature as critical points of the total scalar curvature functional.
The homogeneous case has been studied intensively, although a classification is yet to be achieved. Arguably, the simplest nontrivial examples are the isotropy irreducible spaces classified by [22] . The case of zero scalar curvature is trivial, as Ricci-flat homogeneous metrics are necessarily flat (see [1] ). Homogeneous Einstein manifolds with positive scalar curvature are compact; both necessary and sufficient conditions on a compact homogeneous space for the existence of an Einstein Riemannian metric are known (see [3, 2] ). In the case of negative curvature, all known examples are solvmanifolds, i.e. solvable Lie groups endowed with a left-invariant metric; such a metric can be identified with a metric (i.e. a scalar product) on the corresponding Lie algebra. An outstanding conjecture of Aleksveesky states that all negatively curved Einstein homogeneous metrics are of this type.
The structure of Riemannian Einstein solvmanifolds is well understood: by the work of Heber ( [13] ) and Lauret ([15] ), their Lie algebra is the orthogonal, semidirect product of the nilradical with an abelian factor, and the restriction to the nilradical gives a nilsoliton metric, meaning that the Ricci operator has the form ric = cId + D for some derivation D. In modern language, D must coincide with the Nikolayevsky derivation, namely the semisimple derivation D (unique up to automorphisms) satisfying tr(D • φ) = tr φ for all derivations φ; the nilsoliton condition implies that the Nikolayevsky derivation has positive eigenvalues (see [18] ). Conversely, any nilsoliton has an Einstein solvable extension defined by the Nikolayevsky derivation.
Thus, the classification of Riemannian Einstein solvmanifolds is reduced to the classification of nilsolitons. Nilsolitons are classified up to dimension 7 in [21, 8] . A classification up to dimension 8 was obtained in [14] under the assumption that the Nikolayevsky derivation has eigenvalues of multiplicity one. This condition implies that the Lie algebra has a nice basis as defined in [16] ; nice bases can be characterized by the condition that all diagonal metrics have diagonal Ricci operator (see [17] ).
The indefinite case is different. Indefinite homogeneous Ricci-flat metrics are not necessarily flat; remaining in the nilpotent context, early examples of Ricci-flat metrics go back to [20] (see also [6] ), and as observed in [10] any biinvariant metric on a nilpotent Lie group will be Ricci-flat, though generally not flat. Ricci-flat metrics with holonomy G * 2 were obtained in [9] . Another important difference is the existence of nilpotent Lie algebras with indefinite Einstein metrics of nonzero scalar curvature. Whilst these are nilsoliton metrics with D = 0, the standard metric induced on the (trivial) solvable extension defined by D is not Einstein (see also Remark 2.2); this suggests that the interplay between indefinite Einstein solvmanifolds and the geometry of nilmanifolds is more complicated compared to the Riemannian case.
Einstein nilmanifolds of nonzero scalar curvature are trickier to construct than their Ricci-flat counterparts. Indeed, a necessary condition for existence is that the Nikolayevsky derivation is zero (equivalently, all Lie algebra derivations are trace-free; see [5] ); there are only 11 Lie algebras of dimension 7 that satisfy this condition, and none in lower dimensions; even when the condition is satisfied, the computations involved in determining whether an Einstein metric actually exists are extremely complicated. The first examples, of dimension 8, were obtained in [5] by considering a particular Lie algebra with a high degree of symmetry.
In this paper we illustrate a new, systematic method to construct Einstein nilmanifolds with nonzero scalar curvature. The nilpotent Lie algebras we consider are those that admit a nice basis in the sense of [16] ; nice nilpotent Lie algebras of dimension ≤ 9 are classified in [4] up to a natural notion of equivalence. The classification uses an algorithm based on a graph ∆ and a matrix M ∆ associated to each nice Lie algebra, called its nice diagram and root matrix. The root matrix is a well-known object that reflects metric properties of diagonal metrics; for instance, nilsoliton metrics can be expressed in terms of a linear system involving M ∆ and the structure constants (see [19, Theorem 1] ). Nice diagrams were primarily introduced for classification purposes, but they also have a use in describing the symmetries in the structure of the nice Lie algebra.
We obtain a useful characterization of diagonal Einstein metrics with nonzero scalar curvature on a fixed nice nilpotent Lie algebra in terms of the root matrix; indeed, such metrics can be identified with particular solutions to the linear system t XM ∆ = (1, . . . , 1); the existence of solutions is equivalent to a known necessary condition, namely the vanishing of the Nikolayevsky derivation (Lemma 2.1). A solution X determines an actual Einstein metric if and only if it satisfies a polynomial condition relating X, the structure constants and the group of diagonal automorphisms of the Lie algebra (see Theorem 2.3).
In the special case that the root matrix is surjective when viewed as a matrix with coefficients in Z 2 , the second condition is equivalent to the unique solution X not being contained in any coordinate hyperplane: thus, the existence of a diagonal Einstein metric can be determined purely considering a linear system (Theorem 2.8). Moreover, when the solution X is contained in a coordinate hyperplane a diagonal Einstein metric can be found on a contraction limit (Proposition 3.1). As a consequence, we find that any nice Lie algebra with invertible root matrix over Z 2 has an Einstein contraction limit with nonzero scalar curvature (Corollary 3.2). We use this fact to show that Einstein nilmanifolds of nonzero scalar curvature exist in any dimension ≥ 8 (Theorem 3.7). Note that surjectivity of M ∆ over R is equivalent to the Gram matrix M ∆ t M ∆ being invertible; this condition has been considered in [14] .
More generally, we consider the class of σ-compatible metrics on a nice Lie algebra, namely a class of indefinite metrics associated to an involution σ of the nice diagram ∆; these metrics generalize diagonal metrics in the sense that the Ricci operator is diagonal. Our characterization of diagonal Einstein metrics extends to this more general class (see Theorem 2.3).
Using the classification of [4] , we classify all diagonal and σ-compatible Einstein metrics of nonzero scalar curvature on nice nilpotent Lie algebras of dimension 8 (Theorem 4.4), and those with surjective root matrix in dimension 9 (Theorem 4.7).
Nice Lie algebras and nice diagrams
In this section we recall the definition of nice Lie algebra and the basic related facts; we refer to [4] for further details.
On a Lie algebra g, a basis {e 1 , . . . , e n } with dual basis {e 1 , . . . , e n } is called nice if each [e i , e j ] is a multiple of a single basis element e k depending on i, j, and each e i de j is a multiple of a single e h , depending on i, j. A nice nilpotent Lie algebra consists of a real nilpotent Lie algebra with a fixed nice basis. Two nice nilpotent Lie algebras are regarded as equivalent if there is an isomorphism that maps basis elements to multiples of basis elements. Up to equivalence, nice nilpotent Lie algebras of dimension n can be viewed as particular elements of Λ 2 (R n ) * ⊗ R n , corresponding to nilpotent Lie algebra structures on R n for which the standard basis is nice; the group Σ n of permutations in n letters and the group of diagonal real matrices D n act naturally as equivalences.
To each nice nilpotent Lie algebra we can associate a directed graph ∆ as follows:
• the nodes of ∆ are the elements of the nice basis;
• there is an arrow from e i to e j if e j is a nonzero multiple of some [e i , e h ], i.e. e i de j = 0;
• each arrow is endowed with a label that belongs to the set of nodes; if e j is a nonzero multiple of some [e i , e h ], then the arrow from e i to e j has label e h . By matter of notation, we will write i h − → j.
The resulting graph ∆ is called a nice diagram; by construction, it is acyclic, and any two arrows can have at most one of source, destination and label in common (for the full list of conditions, we refer to [4] ). An isomorphism of nice diagrams is an isomorphism of graphs, i.e. a pair of compatible bijections between nodes and arrows that also preserve labels. We will denote by Aut(∆) the group of automorphisms of a nice diagram; note that by construction Aut(∆) is a subgroup of Σ n . It is clear that equivalent nice Lie algebras determine isomorphic nice diagrams. The correspondence between nice nilpotent Lie algebras and nice diagrams is not one to one. Indeed, inequivalent nice nilpotent Lie algebras with the same nice diagram can appear in continuous families (though inequivalent nice bases on a fixed nilpotent Lie algebra can only appear in discrete families, see [4, Corollary 3.7] ). Nice Lie algebras associated to a nice diagram ∆ are parametrized as follows.
Let I ∆ be the set of the I = {{i, j}, k} such that i j − → k; we shall write
where e ij stands for e i ∧ e j . Take the D n -representation V ∆ freely generated by the E I , I ∈ I ∆ . An actual Lie algebra structure on R n is determined by an element c =
I∈I∆
c I E I , encoding the structure constants. Whenever I = {{i, j}, k}, we shall write
explicitly, the Lie algebra structure satisfies
Here and in the sequel, we will use the Einstein convention for summation over repeated indices i, j, k; however, in this case the nice condition implies that the sum has a single nonzero term. Equivalence classes of nice nilpotent Lie algebras with diagram ∆ are parametrized by elements of
Each nice diagram ∆ has an associated root matrix defined as follows. Given I ∈ I ∆ , let α I be the weight for the action of D n on E I . Choose a total ordering on I ∆ ; then the root matrix M ∆ is the matrix whose rows represent α I in the basis (dual to) e 1 ⊗ e 1 , . . . , e n ⊗ e n . If I ∆ has m elements, then M ∆ is an m × n matrix which can viewed as a Lie algebra homomorphism d n → d m . This homomorphism realizes the correspondence between the natural action of D n on V ∆ ⊂ Λ 2 T * ⊗ T and the action of D m via the diagram
An element of d n is a Lie algebra derivation when it maps each E I , I ∈ I ∆ to zero. Thus, ker M ∆ is the space of diagonal derivations; the group of equivalences is H = ker e M∆ .
The isomorphism between the group of invertible integers Z * and Z 2 can be extended to a function
where the notation is justified by the identity
With this language, an element ǫ = (ǫ 1 , . . . , ǫ n ) of ((Z * ) n ) lies in H if and only if logsign ǫ = (logsign ǫ 1 , . . . , logsign ǫ n ) lies in the kernel of the matrix M ∆,2 obtained by projecting the (integer) entries of M ∆ to Z 2 .
Construction of Einstein metrics
We are interested in left-invariant pseudoriemannian metrics on a nice nilpotent Lie group G; such metrics are one-in-to-one correspondence with scalar products on the corresponding Lie algebra g. The Ricci operator of the pseudoriemannian metric, as a linear map ric: g → g, can be expressed in terms of the scalar product and structure constants as follows. Consider the natural contractions
defined independently of the metric. Let c = c I E I ∈ V ∆ ; by [5] , the contraction of the Ricci operator with A ∈ g * ⊗ g satisfies
where
Notice that the coefficient 
The Einstein condition means that the Ricci operator is a multiple of the identity; we are interested in the case where the Ricci operator is nonzero. Up to a normalization, Einstein metrics with positive scalar curvature can be identified with solutions of ric = 1 2 Id.
Einstein metrics of negative scalar curvature are obtained by changing the sign of the metric, with the effect of reversing the signature. We proved in [5] that metrics satisfying (E) are obstructed by derivations of nonzero trace; in this section we show that this condition depends only on the underlying diagram.
Restricting to the case of diagonal metrics, we also give two other necessary conditions for the existence of a diagonal metric satisfying (E). We also give sufficient conditions that apply to situations in which the number of nonzero brackets is small relative to the dimension. Proof. It is a consequence of the nice condition that the diagonal part of a derivation is again a derivation (see [18, Section 4] and [7, Corollary 3.15] ); thus, it suffices to prove the statement for diagonal derivations. A matrix λ i e i ⊗ e i in d n is a derivation when it is annihilated by each weight α I (see e.g. [19] ). Let α tr be the weight of the one-dimensional representation
The condition that diagonal derivation are traceless is equivalent to
clearly, this is true when α tr is a linear combination of the α I . The statement is obtained by writing this condition in the basis {e 1 ⊗ e 1 , . . . , e n ⊗ e n }.
Remark 2.2. Recall from [18] that every Lie algebra g admits a semisimple derivation φ with real eigenvalues such that
this derivation is unique up to automorphisms and it is known as the Nikolayevsky derivation.
If derivations are traceless then φ = 0 satisfies the defining condition for the Nikolayevsky derivation, and conversely, φ = 0 implies that all derivations are traceless. Therefore, the obstruction of Lemma 2.1 is equivalent to the vanishing of the Nikolayevsky derivation.
It follows that, given a nilpotent Lie algebra g with a metric satisfying (E), its solvable extension defined by the Nikolayevsky derivation admits no metric satisfying (E). Indeed, this extension is a product g × R, which is unimodular with Killing form zero. Since the center of g × R is not contained in its derived algebra, the existence of Einstein metrics with nonzero scalar curvature is ruled out by [5, Lemma 2.2].
Recall from [16] that diagonal metrics on a nice nilpotent Lie algebra have a diagonal Ricci tensor, i.e. the elements of the nice basis are eigenvectors. This fact extends to a more general class of metrics. Indeed, let ∆ be a nice diagram and let σ be either the identity or an order two element of Aut(∆). This means that σ ∈ Σ n is an involution such that if i j − → k then σ i σj −→ σ k . We shall say that a metric on g is σ-compatible if the metric tensor has the form
so that e
If σ is the identity, this condition means that the metric is diagonal.
There are two relevant groups of symmetries acting on the space of σ-compatible metrics. The first is the natural action of D n on g * ⊗ g * induced by the action on g, which reflects the natural ambiguity in the choice of a nice basis; the subgroup of D n that preserves the Lie algebra structure is ker e M∆ . To introduce the second, we denote by Z * = {±1} the group of invertible integers; then σ acts on (Z * ) n and its fixed point set is a group ((Z * ) n ) σ . We consider the action of ((Z * ) n ) σ on the space of σ-compatible metrics given by
notice that this is not the (trivial) action obtained by the natural action of D n by restriction. By restriction, we obtain an action of
We will see that the combined action of G σ ×H preserves (E) (see Theorem 2.3). An automorphism σ of ∆ induces naturally an isomorphismσ :
Given an element of V ∆ with components c I , we will denote byc I the components of its image, i.e.
c I E I =σ( c I E I ).
Theorem 2.3. Let ∆ be a nice diagram and let c ∈ V ∆ define a Lie algebra structure. The Lie algebra admits a σ-compatible metric satisfying (E) if and only if
(ii)
Proof. Write the general σ-compatible metric as g i e i ⊗e σi , where
If I = {{i, j}, k}, write
. By equation (2), for any A ∈ gl(n, R)
Since σ is an automorphism, and due to the properties of a nice diagram, two weight vectors e ij ⊗ e k and e σi,σj ⊗ e h can only appear in V ∆ if k = σ h ; similarly, if both e ij ⊗ e k and e σi,h ⊗ e σ k appear then h = σ j . This implies that AE I , E σ J is zero when the diagonal part of A is zero, or when I and J are not related by σ.
In other words, the Ricci operator is diagonal, and we have
where X = (x I ) is defined as in condition (ii) (see also [19, Theorem 8] in the Riemannian case). It follows that t XM ∆ = 2(ric 11 , . . . , ric nn ), and therefore (E) is equivalent to conditions (i)-(iii).
Moreover, it is clear that condition (iii) is invariant under G σ × H. Now let h be another σ-compatible metric compatible with X; then, e
In particular, if we define M ∆,2 as the matrix with entries in Z 2 obtained by projecting the integer matrix M ∆ , we have
in other words, f ∈ G σ . Therefore, we can assume up to the action of G σ that each g i has the same sign as h i , so that f = exp(t), t ∈ ker M ∆ . Then exp(t/2) defines a diagonal automorphism that maps g into h.
Remark 2.4. It is natural to ask whether σ-compatible solutions of (E) can appear in continuous families on a fixed Lie algebra. Since the action of H = ker e M∆ on the space of metrics amounts to a nice Lie algebra equivalence, two metrics g, g ′ should be regarded as genuinely different if e M∆ (g) differs from e M∆ (g ′ ). In particular, one can ask if the map e M∆ is transverse to the affine subspace in R I∆ defined by the equations
This would imply the existence of a solution X to t XM ∆ = (1, . . . , 1) and some v ∈ R n with M ∆ (v)X a nonzero element of ker t M ∆ . We have not found this condition to be verified for any of the Einstein metrics appearing in this paper.
If we consider diagonal metrics, corresponding to the case σ = Id, we obtain necessary conditions that only depend on the diagram: Corollary 2.5. Let g be a nice Lie algebra with diagram ∆. If g admits a diagonal metric satisfying (E), then there exists a vector X = (x I ) ∈ R I∆ such that
I∆ is in the image of M ∆,2 .
Proof. (D1) and (D2) follow immediately from Theorem 2.3. Setting σ = Id in Theorem 2.3, condition (iii) implies
and in particular
Remark 2.6. It is possible to generalize the construction to arbitrary Lie algebras with a fixed basis, defining labeled diagrams and weight vectors c I E I ∈ V ∆ in a similar way as in Section 1. Whilst (D1)-(D3) remain necessary in this case, the conditions of Theorem 2.3 are not sufficient because the Ricci operator is not necessarily diagonal.
Remark 2.7. In the more general situation of a σ-compatible metric, we have by constructionσ
thus, if (D1) has a solution, it also admits aσ-invariant solution. Constructing a σ-compatible metric that satisfies (E) is then a matter of solving
with g σ-invariant. Conditions (D1) and (D2) also apply to this case; however the analogue of (D3) turns out to depend on the structure constants.
On the constructive side, we can split the problem in two: first, one solves the linear system (D1), verifying whether there exists a solution satisfying conditions (D2) and (D3). Then, one has to solve the polynomial equations (3). If one is only interested in proving the existence of an Einstein metric, one can in some cases use the following result to skip the second step: Theorem 2.8. Let g be a nice nilpotent Lie algebra with diagram ∆; if M ∆,2 is surjective and X is a vector satisfying conditions (D1) and (D2) in Corollary 2.5, then there exists a diagonal metric satisfying (E).
Proof. Consider the diagram given in (1). Since M ∆,2 is surjective, e M∆ (D n ) intersects each connected component of D m , as can be seen by considering the image of elements of the form diag(±1, . . . , ±1).
In addition, the rows of M ∆ are linearly independent over Z 2 , hence over Q; thus, M ∆ is also surjective over R and e M∆ is an epimorphism. It follows that (3) has a solution.
Motivated by this result, we will say that g is of surjective type when M ∆,2 is surjective. This condition also has remarkable consequences in the classification of nice Lie algebras: if g is a nice nilpotent Lie algebra of surjective type, any nice Lie algebra with the same diagram is equivalent to g (see [4] 
it has maximal rank over Z 2 and t X = (−6, −6, −3, 4, −7, 8, 8, −7) satisfies the hypotheses of Theorem 2.8. Thus, this Lie algebra carries a solution of (E); the metric is computed in Example 4.1.
When the number of brackets exceeds the dimension, the root matrix is not surjective and the system (3) contains more equations than unknowns, but may still admit a solution. Examples of diagonal Einstein metrics with nonsurjective M ∆ appear in Table 2 (86532:6, 842:121a and 842:121b).
Lie algebras without Einstein metrics
In this section we collect some examples of nice Lie algebras that do not admit diagonal Einstein metrics. These examples show that the necessary conditions (D1)-(D3) are independent, in the sense that (D1) does not imply (D2) and (D2) does not imply (D3), and not sufficient for the existence of an Einstein metric. In addition, we give an example of a nice diagram with a nontrivial automorphism σ such that conditions (i) and (ii) of Theorem 2.3 can be satisfied but not condition (iii).
Remark 2.10. We have already pointed out that there exist nice nilpotent Lie algebras that do not satisfy condition (D1): indeed, it is not satisfied by any nice nilpotent Lie algebras of dimension ≤ 7 (see [4] ; in fact, by Lemma 2.1 condition (D1) is the same obstruction considered in [5] ).
Example 2.11 (Hyperplane obstruction (D2)
It is easy to see that the associated matrix M ∆ has maximal rank over Z 2 . It turns out that (−6, −6, −3, 4, 8, −7, 0, −7, 8)M ∆ = (1, . . . , 1), but this solution lies in the coordinate hyperplane x 159 = 0. Thus, (D2) is not satisfied; in this case, any diagonal solution of (E) would have to satisfy g 9 /(g 1 g 5 ) = 0, which is impossible. Note that this is the only Lie algebra with M ∆ surjective that is obstructed by condition (D2). Finally, in next example we show that the condition (iii) of Theorem 2.3 is independent of the others. 
but a σ-compatible metric g should satisfy g 1 = g 3 , g 2 = g 4 , giving
which is a contradiction. Therefore, this Lie algebra admits no σ-compatible solution to (E) (although it admits a diagonal Einstein metric, see Table 4 ). This shows that the necessary condition (iii) of Theorem 2.3 is independent of the first two conditions.
Contraction limits and central extensions
Given an element c I E I ∈ V ∆ that defines a Lie algebra, it is clear that the elements in V ∆ that define equivalent nice Lie algebras are the elements of the orbit of c I E I for the natural action of Σ n ⋉ D n on V ∆ . The group of diagonal matrices D n acts on V ∆ via e M∆ . Thus, up to permutations, equivalent nice Lie algebras are related by an element of e M∆ (D n ); this operation amounts to a component-wise rescaling of the nice basis. Elements in the closure
still define nice nilpotent Lie algebras, by continuity. The corresponding diagram could differ from ∆ by having less arrows; if this is the case, the resulting Lie algebra will be said to be a contraction limit of g (see [12] ).
Proposition 3.1. Let g be a nice nilpotent Lie algebra of surjective type such that t XM ∆ = (1, . . . , 1) admits a solution. Then either g or a unique contraction limit of g has a diagonal metric satisfying (E).
Proof. If none of the entries of X is zero, we can apply Corollary 2.8. Otherwise, we can consider the element
because e M∆ is surjective, this is a contraction limit of g with diagram ∆ ′ . The resulting matrix M ∆ ′ ,2 is still surjective over Z 2 , because it is obtained from M ∆,2 by removing some rows; therefore, we can apply Theorem 2.8.
Uniqueness follows from the fact that any Einstein contraction limit leads to the same vector X, so the indices I that survive in the limit must be exactly those for which x I = 0. Corollary 3.2. Let g be a nice nilpotent Lie algebra with diagram ∆; if M ∆,2 is invertible, then either g or a unique contraction limit of g has a diagonal metric satisfying (E).
therefore M ∆ is invertible and we can apply Proposition 3.1 with X given by In this case, the root matrix has determinant 9, and so satisfies the hypothesis of Corollary 3.2; however, the resulting vector X turns out to have a component equal to zero, corresponding to the bracket [e 2 , e 5 ] = e 8 . Therefore, g does not have any diagonal metric satisfying (E), and its only contraction limit that carries such a metric is obtained by setting [e 2 , e 5 ] = 0, giving back the Lie algebra of Example 2.9.
Its root matrix is
Notice that the root matrix of g has the form
with M ∆ given by (5), so the fact that (1, . . . , 1) is in the span of the first 8 rows actually follows from the computations of Example 2.9. We observe that g is equivalent to 952:384 of Table 1 .
Another natural operation on a nice nilpotent Lie algebra g is taking a central extension (see e.g. [11] ); in general, this means constructing an exact sequence
where R k denotes the k-dimensional Abelian Lie algebra, and its image in h is contained in the center. Since we are interested in Einstein metrics, it is natural to require the center to be contained in the derived Lie algebra (see [5, Lemma 3 .1]); in terms of diagrams, we add k nodes and require each to be reached by a pair of arrows starting from the existing nodes.
We will concentrate on the case k = 1. More precisely, given e i , e j in the nice basis such that [e i , e j ] = 0,
we add a node r to the diagram and declare de r = e ij . We will say that the resulting Lie algebra is obtained by a one-bracket extension.
Lemma 3.5. Any one-bracket extension of a nice nilpotent Lie algebra of surjective type is also a nice nilpotent Lie algebra of surjective type.
Proof. Let g be of surjective type and let g ′ be a one-bracket extension; it is clear that g ′ is nice and nilpotent. The root matrices are related by
Remark 3.6. An n-dimensional nice Lie algebra g with diagram ∆ can be realized as a one-bracket extension of a nice Lie algebra of dimension n − 1 if and only if M ∆ has a column whose only nonzero entry equals 1, or equivalently if a node in ∆ has two incoming arrows and no outgoing arrow; indeed, if e r is in the center, then g is a central extension of the Lie algebra g/ Span {e r }. It would be interesting to classify nice nilpotent Lie algebras of surjective type that cannot be realized as one-bracket extensions.
If in addition to (6) the one-form e i is closed, the extension procedure can be iterated replacing e j with e r , yielding a tower of one-bracket extensions of surjective type. This leads to the following: Theorem 3.7. For each n ≥ 8, there exist n-dimensional nice nilpotent Lie algebras with a diagonal metric satisfying (E).
Proof. Let g be the 8-dimensional Lie algebra of Example 3.3; it is straightforward to verify that M ∆,2 is invertible.
Define a one-bracket extension g 1 by setting de 9 = e 14 (appearing as 952:394 in Table 4 ); inductively, extend g k to g k+1 by declaring de k+8 = e 1 ∧ e k+7 . By construction, the root matrix M ∆ k ,2 is invertible. By Corollary 3.2, for each k either g k or a contraction limit of g k has a diagonal metric satisfying (E).
Explicit Einstein metrics
In dimension 8 there are only 4 diagrams, corresponding to 6 inequivalent nice Lie algebras, that satisfy the necessary condition (D1) for the existence of a solution to (E), i.e. where all derivations are traceless. It turns out that they all admit a diagonal Einstein metric. These Lie algebras and their Einstein metrics are listed in Table 2 , where the structure constant are relative to an orthonormal nice basis, i.e. satisfying e i , e j = ±δ ij . Note that the Lie algebra 842:121b and its Einstein diagonal metrics were already present in [5, Theorem 5.2] as the first examples of non-Ricci-flat Einstein invariant metrics on a nilpotent Lie group. Theorem 2.3 can be used directly to construct these diagonal Einstein metrics, as shown in the following example.
Example 4.1 (Less nonzero brackets than dimension, M ∆ surjective). Take the Lie algebra 952:355 of Example 2.9. The system (3) has the one-parameter family of solutions
Notice however that all these metrics are related by an equivalence, more precisely an element of ker e M∆ , to a solution with g 2 = ±1; thus, there are essentially two distinct solutions to (E) on this Lie algebra. Indeed, there is a unique vector X satisfying Theorem 2.8, because t M ∆ is injective, and X determines the metric up to equivalence and the action of G Id = ker M ∆,2 .
In the same way, Theorem 2.3 can be used to determine σ-compatible Einstein metrics, as illustrated in the following example. These equations have the unique solution
It is sometimes more convenient to proceed in a different way, by assuming that the basis {e i } is orthonormal, so that the metric is defined by a vector g ∈ (Z * ) n , and allowing the structure constants to vary. Solving equation (3) amounts to solving M ∆,2 logsign g = logsign x I , and imposing the Jacobi identity on the structure constants c I = ± |x I |. Some of the sign ambiguities in the structure constants can be eliminated by choosing representatives up to equivalence.
Example 4.3. In the case of the Lie algebra 842:117 of Example 3.3, the above procedure shows that the metric must have signature (+ + + + − − ++) and the structure constants are given by
Since M ∆,2 is surjective, all sign ambiguities can be eliminated, i.e. each solution is equivalent to Table 2 ; it has a σ-compatible Einstein metric of positive scalar curvature if and only if it appears in Table 3 . Both tables contain all metrics with this property up to rescaling.
Proof. Using the classification of nice nilpotent Lie algebras of dimension 8 in [4] and applying Lemma 2.1, we find that those with traceless derivations are exactly those listed in Table 2 . For each of these Lie algebras, we apply the method of Example 4.3 to determine diagonal solutions of (E). To classify σ-compatible solutions, for each Lie algebra we consider the elements σ of order two in the group of automorphisms Aut(∆) and proceed as in Example 4.2. For each entry in the table, we list the nonzero components of the invariant Einstein metric (g ij ).
In dimension 9, there are 130 nice diagrams that contain a Lie algebra that satisfies the necessary conditions (D1) and (D2) of corollary 2.5. In addition, 
has maximal rank over both Z 2 and R. It turns out that (1, . . . , 1) is in the span of the rows, and we can find two Einstein metrics:
8321 √ 249 ± 131253 231525g 1 .
Notice that the role of the parameter g 1 is apparent, as it originates from the one-dimensional group of diagonal Lie algebra automorphisms ker e M∆ , namely where a 1 = 0. The elements of this family share the same root matrix: 
It is easy to see that the vector . . . , 1) , and the the corresponding system of condition (ii) of Theorem 2.3 is given by:
After an easy computation, one obtains: Table 4 ; it has a σ-compatible Einstein metric of positive scalar curvature if and only if it appears in Table 5 . Both tables contain all metrics with this property up to rescaling. 
